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Turbulence In Near-Earth Space
How do turbulent dynamics vary across 
different plasma systems?

Some MMS results on turbulence:
- Turbulence-driven reconnection & Reconnection-driven turbulence 

[Phan+ (2018); Stawarz+ (2019, 2022); Ergun+ (2018, 2020a,b)]
- Energy conversion/dissipation 

[Chen+ (2019); Afshari+ (2021); Bandyopadhyay+ (2019, 2020, 2021)]
- Measurement of nonlinear dynamics [Stawarz+ (2021)]
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Overview

Taylor Hypothesis in the Magnetosheath

Correlation Lengths

Bulk Alignment Properties
Cross Helicity & Residual Energy

Intermittency & Small-Scale Structures
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Taylor hypothesis tested by comparing single and 
multi-spacecraft 2nd-order structure functions 
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Figure 8. Alfvén ratio and sector-rectified cross helicity as a function of
averaging interval for the years 1998 through 2009. The data for these are
the 64 s merged ACE MAG/SWEPAM data sets for the years 1998 through
2009. Note that both curves show extrema for intervals around 1 h. This
e!ect has been shown in previous studies [Matthaeus and Goldstein, 1982a;
Milano et al., 2004; Wicks et al., 2013].

In each case, correlation lengths were
estimated by employing the Taylor
frozen-in approximation, converting
time lag into spatial lag by multipli-
cation of the mean wind speed in
each data interval in the second case,
and by an average over all intervals in
the first.

4. Discussion and Conclusion

The analysis above demonstrates
that measured estimates of key
statistical quantities such as means,
variances, and distribution functions
of magnetic field components and
associated correlation scales admit
a systematic dependence on the
amount of data, here measured by
interval length T , that are used in
individual estimates. This variation is,
in some sense, well known from prior
observational studies [Matthaeus and
Goldstein, 1982b; Matthaeus et al.,
1984; Roberts et al., 1987;Wicks et al.,
2009] and is expected from classical
ergodic theory even for idealized sta-
tionary random processes [Panchev,
1971]. Here we have quantified these
variations in a systematic way. This
compilation of results may be useful
in understanding the relationships
among many other studies. We have
abstained from extensive discussion
of potential theoretical motivations
for selecting specific sample sizes for
analysis, opting instead to present the
results in an unbiased way, except for
pertinent remarks concerning the role
of classical ergodic theory.

(a)

(b)

Figure 9. (a) Estimated correlation length, averaged over many intervals,
as a function of interval size and organized by wind speed range. The
horizontal line indicates the multispacecraft correlation length reported
in Matthaeus et al. [2005]. This is discussed further in section 4.
(b) Distributions of correlation length in the solar wind as a function of
averaging interval (T).

Note that the distributions shown
in Figures 5b, 6b, 7b, and 9b are
approximately lognormal, as has
been observed in various solar wind
quantities [Burlaga and Ness, 1998;
Hartlep et al., 2000; Padhye et al., 2001;
Ruiz et al., 2014]. The plots above
depicting quantities as a function of
averaging interval (Figures 2, 4, 5a,
6a, 7a, and 9a) are qualitatively, but
not quantitatively, consistent with
ergodic predictions [Matthaeus and
Goldstein, 1982b].

The reason that the results at long
intervals of averaging depart from

ISAACS ET AL. ©2015. American Geophysical Union. All Rights Reserved. 876

Solar Wind

Isaacs+ (2015) JGR

Magnetosheath

While 𝜆/ converges to a 
value in magnetosheath, 
it continues to grow with 
interval length in solar 
windStawarz+ (2022) Phys. Plasma
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Figure 4. Possible causes for this are discussed in the previous
section, and further discussed in Section 5.

4.3. Scale-dependent Kurtosis

In this section, we examine how the kurtosis measured in the
solar wind data sets varies with lag and with heliocentric
distance. As noted in Section 3.5, the typical non-Gaussian
probability distributions with “fat tails” found in solar wind
increments at smaller inertial range lags (Sorriso-Valvo et al.
1999) have SDK greater than three. The kurtoses of long-
itudinal magnetic-!eld increments computed from the PSP,
Helios, and Voyager data sets are shown in the respective
panels of Figure 5. Each panel of Figure 5 shows estimates of
SDK computed as a function of lag in units of ion inertial scale.
For clarity, each curve that is shown, for Helios and Voyager, is
an average of 15 cases computed from nearby available
intervals. For the Voyager and Helios panels, the color of the
curve is keyed to the heliocentric distance.

Figure 5 demonstrates a consistent picture that SDK is larger
at smaller scales, as is expected in general. It also shows, in the
Helios (middle panel of Figure 5) and Voyager (bottom panel
of Figure 5) data, that the kurtosis at a given normalized scale
decreases with increasing heliocentric distance, with only a few
exceptions. The general trend is toward weaker intermittency at
larger R.

There is one region where the kurtosis deviates from the
overall trend observed by Voyager 1—at distance R! 8.5 au—
that can be clearly indicated in the decrease of kurtosis values
in Figure 6. This decrease can be produced by wave activity
associated with Jupiter’s magnetotail (Scarf et al. 1981). Such
wave activity can result in magnetic-!eld "uctuations that are
uncorrelated in phase (Smith et al. 1983), and thus responsible
for a tendency toward Gaussian kurtosis (see discussion in
Hada et al. 2003; Wan et al. 2012). The local magnetic
"uctuations from PUIs can also produce the same effect.

This feature in the kurtosis occurs at ranges of heliocentric
distance for which the correlation scale is seen to shorten
relative to the prevailing trend (see Section 4.1). Our working
hypothesis is that these features are explained in both cases by

injection of incoherent "uctuations by wave–particle interac-
tions. However, apart from this speci!c region, intermittency
generally weakens with both increasing heliocentric distance
and scale. Power-law analysis for the inertial range is discussed
later in Section 4.7. Additional information for the SDK of the
tangential and normal magnetic-!eld increments can be found
in Appendix C.
To provide a quantitative context for these observations, we

may adopt two key assumptions—the validity of the re!ned
similarity hypothesis, and a log-normal distribution of incre-
ments. This allows us to write the SDK of velocity increments
as a function of lag ! and Re as in Equation (13). Below we will
exploit this approach to separately examine the variation of
kurtosis with properly normalized physical scale, and with
effective Reynolds number Re. These details are presented in
the next three subsections. In selecting scales of interest, we
focus on the inertial range, which can be identi!ed (see
Figure 11) as the range in which SF2" !

2/3. For a !xed Re,
then the kurtosis of the longitudinal velocity increments is
expected to scale as !" !

"(4)#2"(2) (Chhiber et al. 2021a).

4.4. Radial Variation of SDK at Constant Multiple of di

Instead of holding Re constant and varying !, now we hold !

constant after proper normalization, and examine SDK
behavior as a function of heliocentric distance. First, we look
at lags that are multiples of the inner scale, speci!cally
!BR(!= 10 di) for PSP and Voyager 1, and !BR(!= 120 di) for
all three spacecraft. The latter choice is a result of the limited
Helios 1 data resolution that cannot resolve down to 10 di. We
now describe results for ! at these !xed physical scales versus
heliocentric distance R and provide power-law !ts to the radial
trend as !" R #. Note that here we are assuming that the
kurtosis depends on R as a strict power law; however, this is
only in an attempt to extract a general trend of the kurtosis as a
function of distance. In fact, it is clear from Figure 6 that a

Figure 4. PSP, Helios 1, and Voyager 1 estimated effective Reynolds Number
(Re) as a function of heliocentric distance in astronomical units. A 50-point
rolling median, the black solid line, is plotted over Helios 1 and Voyager 1
distributions, in addition to an un!tted R#2/3 power law (green dashed line).
Power-law !ts of R#0.56 for Helios and R#0.92 for Voyager are given with
uncertainty 0.069 and 0.102, respectively.

Figure 5. SDK for PSP (top), Helios 1 (middle), and Voyager 1 (bottom).
Curves for Helios and Voyager represent averages of SDK over 15 nearby
available intervals with their colors keyed to the average heliocentric distance.
The solid horizontal green line marks SDK = 3.
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Figure 3. Joint probability distribution of !c and !r at time lag " = 5535 s for
the entire seven day analysis interval.
(A color version of this figure is available in the online journal.)

decreases with increasing frequency. These trends stop at the
outer scale 1/TO and reverse at higher frequencies. For !!r" this
happens at f # 1/TO , while for !!c" there is an initial plateau
before it starts decreasing at the highest frequencies. This
high-frequency decrease in !!c" is likely due to noise in the
3DP velocity observations (Gogoberidze et al. 2012; Podesta
et al. 2009; Chen et al. 2013; Wicks et al. 2013).

3. ANALYSIS

Having calculated the scale- and time-dependent !c and !r ,
we can construct a scale-dependent joint probability distribu-
tion. The joint distribution at one of the scales in the 1/f range
is shown in Figure 3. Values of !c and !r must lie within a circle
of radius 1, as follows from their definitions (Equations (10)
and (11)). The difference between fluctuations at the edge of
this circle and in the middle is the geometry of the vectors rel-
ative to one another. Fluctuations at the edge of the parameter
space are the most correlated. Indeed, at the edge of the circle,
! 2

c + ! 2
r = 1, which implies

|#v$||#b$| = |#v$ · #b$|, (15)

|#z+
$||#z%

$| = |#z+
$ · #z%

$|, (16)

so the Elsasser, velocity, and magnetic-field fluctuations must
be perfectly aligned (co-linear) at the edge.

Close to the center of the circle, however, ! 2
c + ! 2

r & 1, and
hence

|#v2
$ % #b2

$| % 2|#v$ · #b$| & |#v2
$ + #b2

$|, (17)

|#z+2
$ % #z%2

$ | % 2|#z+
$ · #z%

$| & |#z+2
$ + #z%2

$ |, (18)

which can only be achieved when there are angles close to 90'

between the vectors in each Equations (17) and (18) and the
amplitudes of these vectors are approximately equal.

Thus, by examining different regions of the (!c, !r ) space,
we separate the two different types of correlations: in magnitude
(equipartition) and direction (alignment).

The probability distribution is strongly peaked along the edge
of this parameter space, where !c > 0 and !r < 0. This agrees
well with the distributions found in other fast-wind intervals
with different spacecraft by previous studies (Bavassano et al.
1998; Bavassano & Bruno 2006; D’Amicis et al. 2010). Here,
we extend the analysis to include a broader range of scales
and to study the structure functions in different regions of this
parameter space. Initially, we concentrate on three regions of the
(!c, !r ) space that have qualitatively distinct physical properties;
these are shown as Regions 1, 2, and 3 in Figure 3 and their
properties are summarized in Table 1.

Region 1 is in the center of the parameter space, where
|!c| < 2/15 and |!r | < 2/15. When !c & 1 and !r & 1,
fluctuations can be described as balanced (#z+

$ # #z%
$) and

Alfvénically equipartitioned (#b$ # #v$) and as a result are
unaligned, with the cosine of the angle between #v$ and #b$
| cos($ )| < 2/15 and the cosine of the angle between #z+

$ and
#z%

$ | cos(%)| < 2/15.
Region 2 contains fluctuations with !c > 14/15 and |!r | <

1/15, which is consistent with very pure outward propagating
Elsasser fluctuations. These are therefore imbalanced (#z+

$ (
#z%

$), but equipartitioned and aligned.
Region 3 has |!c| < 1/15 and !r < %14/15, which means

that the fluctuations therein are magnetically dominated and,
therefore, are balanced and have anti-aligned Elsasser fields.

These values are chosen so that the probability of fluctuations
being observed does not change systematically across each box
but that there are enough (>30) observations in the box at each
scale " to calculate accurate structure-function averages. The
regions must also be symmetrical about whichever variable is
close to zero in order to make fluctuations balanced (Region 3),
equipartitioned (Region 2), or balanced and equipartitioned
(Region 1) on average.

We now calculate the structure functions only, using those
fluctuations that have !c and !r corresponding to one of these
three regions. These are scale-dependent structure functions
conditioned on the local correlation properties of the fluctua-
tions. Thus, these conditioned structure functions do not neces-
sarily come from continuous sections of the time series, but are
aggregated from separate times across the whole time series. To
do this, we assume that the time series of fluctuations are sta-
tionary so that fluctuations that are not locally neighboring may
still be statistically comparable. This is a reasonable assump-
tion to make for this particular seven day interval because the
data show little systematic variation in magnetic-field strength
or proton density. There is a trend of decreasing solar wind
speed with time during the interval, however, the instantaneous
speed |V | remains within one Alfvén speed of the average solar
wind speed !|V |" (i.e., |V | is always found within the range
!|V |" ± VA) over the entire interval. Thus, the Alfvén Mach
number, Reynolds number, and other related quantities do not
change significantly over the interval.

We compare the structure functions from the three separate
regions in Figure 3 by plotting the sum of S2(#v$) and S2(#b$)
against the frequency in Figure 4. We can see that the balanced,
equipartitioned, and unaligned fluctuations taken from Region 1
scale steeply from close to the large-scale limit of the turbulence
at f # 1/TA down to the instrument noise floor at small
scales (shown by the dashed green line; see Podesta et al.
2009; Gogoberidze et al. 2012; Wicks et al. 2013). The scaling
of these fluctuations is close to f %2/3 and therefore suggests
active nonlinear interaction. There is no discernible “spectral
break” at the “outer scale” 1/TO . The structure functions of the

4

Solar WindMagnetosheath

Lo
g 

Pr
ob

ab
ilit

y

Wicks+ (2013) ApJ



j.stawarz@imperial.ac.uk

Cross Helicity & Residual Energy

@JEStawarz8

  
-60-40
-20

0
20
4060

B [n
T]

  Bx GSE
  By GSE
  Bz GSE
  |B|

  
-600-400
-200

0
200
400600

U
i

[k
m

/s
]

  Ui,x GSE

  Ui,y GSE

  Ui,z GSE

  
0
5

10
15
20

n
[c

m
-3
]

  ni

  ne

  
-1.0
-0.5
0.0
0.5
1.0

N
or

m
al

iz
ed

C
ro

ss
H

el
ic

ity

1655 1700
-1.0
-0.5
0.0
0.5
1.0

N
or

m
al

iz
ed

R
es

id
ua

l
En

er
gy

hhmm
2016 Sep 28 

10-3 10-2 10-1 100

k [km-1]

-1.0

-0.5

0.0

0.5

1.0

C
ro

ss
 H

el
ic

ity
;  

   
   

   
   

   
   

   
   

 10-2 10-1 100 101 102
f [Hz]

R
es

id
ua

l E
ne

rg
y

Ion Velocity 
Reaching 

Noise Level

𝜎/ and 𝜎3 are ‘patchy’ in space and vary as 
a function of scale



j.stawarz@imperial.ac.uk

Cross Helicity & Residual Energy

@JEStawarz9

Ion Velocity 
Reaching 

Noise Level
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Enhanced nonlinear 
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electric field

work by Harry Lewis Stawarz+ (2021) JGR

𝝈𝑪 and 𝝈𝑹 can impact the nonlinear turbulent dynamics 
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Importantly, the higher-order structure functions progres-
sively capture the more intermittent, larger fluctuations. As
we are studying the magnetic field increments, these large
fluctuations represent the spatial gradients which are re-
sponsible for dissipating energy from the magnetic fields.
We will focus on the scaling behavior of the structure
functions with scale ! such that

Smi !!" / !"!m"; (2)

where linear dependence of the scaling exponent "!m" #
Hm implies monoscaling with a single exponent H. In
theories of turbulence, nonlinear "!m" behavior is associ-
ated with the intensity of energy dissipation being distrib-
uted on a spatial multifractal [1].

The structure functions for the data interval studied here
are shown in Fig. 3. The inertial and dissipation ranges of
scaling are well defined with a sharp transition at the break
point at ’ 3 seconds in agreement with the PSD in Fig. 1;
the dissipation range extends over nearly 2 orders of mag-
nitude. Importantly, there is excellent agreement between
STAFF-SC and FGM in the dissipation range where they
overlap for almost a decade, indicated by the shaded region
on the plot. On the log- log plot of Fig. 3, the gradients as
shown give estimates of the scaling exponents "!m". We
plot "!m" vs m for the dissipation range in the main panel
of Fig. 4, and for the inertial range in the inset. The errors
on the "!m" shown in Fig. 4 are estimated [35] as the sum
of the regression error from Fig. 3, and from the variation
in "!m" found by repeating the regression over a subin-
terval of the scaling range. Surprisingly, the dissipation
range is monoscaling, i.e., globally scale invariant; in

contrast to the inertial range which is multifractal, charac-
teristic of fully developed turbulence with "!2" $ 2=3. The
single scaling parameter for the dissipation range for Bz is
H # 0:89% 0:02 for STAFF-SC and H # 0:84% 0:05 for
FGM. To test the robustness of this result, we have repeated
this analysis for another ambient fast solar wind interval
(12:10–14:00 UT January 20, 2007) and obtained the same
global scale invariance. In both cases, we find that all three
field components are monoscaling. We can see that for the
particular solar wind interval shown in Fig. 4, the expo-
nents H for Bx and By are close to that of Bz, suggesting
that the small-scale features of this turbulent interval of the
solar wind are also isotropic. For STAFF-SC data from the
second interval, however, we find H # 0:9% 0:02 for Bx

and By and H # 0:8% 0:05 for Bz, suggesting an anisot-
ropy that may depend on local plasma parameters.
Monoscaling of the structure functions implies that the

probability density function (PDF) of the increments
P!#Bi; !" at a particular scale ! should collapse onto a
unique scaling function P s via the following rescaling
operation [35]

P s!#Bi!
&H" # !HP!#Bi; !": (3)

This collapse of the data to a single scaling function is
tested in Fig. 5 for Bz, where we have used the same values
of ! and the H value obtained above. We can see that there
is an excellent collapse onto a single curve. A fitted
Gaussian illustrates the highly non-Gaussian nature of
the tails of this PDF.

FIG. 3 (color online). Structure functions of orders: 1-h, 2-5,
3-w, 4-', and 5-e. Open shapes correspond to FGM measure-
ments and filled shapes refer to STAFF-SC. The curves have
been shifted along the vertical axis to allow a comparison of the
gradients. The shaded area indicates the scales where both FGM
and STAFF structure function gradients overlap. Linear fits for
the inertial and dissipation ranges are also shown.

FIG. 4 (color online). Main plot: Scaling exponents " with
order m; a linear relationship on this plot indicates monoscaling
behavior. "!m" obtained from both FGM and STAFF-SC are
shown for Bz; these show close correspondence. STAFF-SC Bx,
By components are also shown and indicate isotropic scaling.

Inset: "!m" vs m for the inertial range using FGM Bz; this is
concave, consistent with the multifractal nature of the inertial
range.
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Solar Wind

𝑆* ℓ = 𝐵% 𝑥 + ℓ − 𝐵% 𝑥
*

∼ ℓ+ *

Previous studies 
show sub-proton 
scale fluctuations 
become less 
intermittent in 
solar wind 

Kiyani+ (2009) PRL

𝑑%𝜌% 𝑅
𝑇
𝑁

PSP Encounter 1

Scaling of structure functions Scale-dependent kurtosis
𝑆,,% ℓ

𝑆.,% ℓ
. =

𝐵% 𝑥 + ℓ − 𝐵% 𝑥 ,

𝐵% 𝑥 + ℓ − 𝐵% 𝑥 . .
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In many cases, the magnetosheath shows increasing scale-dependent kurtosis through 
sub-proton scales
à Suggests kinetic scale structures may be different solar wind and magnetosheath

[see also Chhiber+ (2018) JGR for a case study]
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Plateaus at ion scales
like solar wind 

Continues to increase 

through kinetic scales

In many cases, the magnetosheath shows increasing scale-dependent kurtosis through 
sub-proton scales
à Suggests kinetic scale structures may be different solar wind and magnetosheath

[see also Chhiber+ (2018) JGR for a case study]



Summary
We examine several properties of the turbulence in the magnetosheath with an eye toward 
characterizing the similarities and differences with solar wind turbulence

Taylor Hypothesis reasonable for many (though not all) magnetosheath intervals and 
signatures of anisotropy/isotropy scaling with 𝛿𝑏'45/𝐵0apparent

Correlation Length in magnetosheath much shorter than those in the solar wind 

Cross Helicity & Residual Energy place the magnetosheath in a more nonlinear state 
than many solar wind intervals

Intermittency continues to develop through sub-proton scales in many intervals in 
contrast to solar wind
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