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Theory (Exact laws in Incompressible Hall MHD)

𝜕𝑆
𝜕𝑡 + ∇𝑙 & 𝒀 + 𝑯 − 2𝐴 = 2𝜈∇𝑙2𝑆𝑢 + 2𝜂∇𝑙2𝑆𝑏 − 4𝜖

4𝐴 = ∇𝑙 & 𝐻 Ferrand et al. ApJ (2019)

Hellinger et al. ApJL (2018)

𝒀 =< 𝛿𝒖 |𝛿𝒖|2+ |𝛿𝒃|2 − 2𝛿𝒃 𝛿𝒖 + 𝛿𝒃 > 𝐇 =< 2𝛿𝒃 𝛿𝒋 + 𝛿𝒃 − 𝛿𝒋 𝛿𝒃 2 >

𝑆𝒖 =< 𝛿𝒖 + 𝛿𝒖 > = < |𝛿𝒖|2 >𝑆𝒃 =< 𝛿𝒃 + 𝛿𝒃 > = < |𝛿𝒃|2 > 𝑆 = 𝑆𝒖+ 𝑆𝒃

Increments 𝛿𝒖 = 𝒖 𝒙 + 𝒍 − 𝒖(𝒙)

Structure 
functions:

Ø Second order:

Ø Third order

𝐀 =< 𝛿𝒋 + 𝛿[ 𝒃 + ∇ 𝒃]>

Cascade rate 𝜖 = −
1
4
𝜕𝑆
𝜕𝑡
+
1
4
∇𝑙 + 𝐘 +

1
4
∇𝑙 + 𝑯/2

No viscosity (𝜈), resistivity(𝜂)

Assumptions made: 
Statistical homogeneity
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Out of plane current density for turbulence (left) when the mean square current is maximum, and for reconnection(right) when the
reconnection is quasi-steady.
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Fully kinetic Simulations: Turbulence Vs Reconnection

TURBULENCE RECONNECTION
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S.N. Lbox [di] grids Bg nb Te/Ti 𝜟x 𝞭brms 𝞭urms Type Initial Conditions Boundary 
conditions

1 149.6 40962 Bz=1 1.0 0.3/0.3 0.0365 1/ 10 1/ 10 Turbulence Fourier modes  (2 ≤|k|≤ 4) Periodic

2 91.6 40962 Bz=0 1.0 0.01/0.05 0.0223 1/ 5 0 Reconnection Double Harris current sheet Periodic

Out of plane current density for turbulence (left) when the mean square current is maximum, and for reconnection(right) when the
reconnection is quasi-steady.
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Left: Cascade rate estimation for the turbulence simulation when current is maximum. Each term is normalized with the
energy decay rate obtained from the magnetic and Ion flow energy. The bottom plot represents the total second order 
structure function. Right: Energy cascade process.

https://doi.org/10.1145/1457515.1409119
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Turbulence
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Narain et.al, ACM SIGGRAPH (2008)

https://doi.org/10.1145/1457515.1409119


Energy Containing Scale

Inertial Range
Hall scales

Cascade rate estimation for the turbulence simulation (left) when current is maximum, and reconnection 
simulation(right) when reconnection is quasi-steady. Each term is normalized with the energy decay rate obtained from 
the magnetic and Ion flow energy. The bottom plot represents the total second order structure function.
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Turbulence
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Conclusion:
• Dynamics of  third order law are similar for both turbulence and 

reconnection.

• Energy cascade rate is constant in the inertial range, where the 
divergence of the MHD energy flux in lag space dominates.

• Reconnection, like turbulence, is an energy cascade process.

• Is there a universal law governing reconnection and turbulence?
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